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Summary. We present a formalization of the seminal paper by W. W. Armstrong [1]
on functional dependencies in relational data bases. The paper is formalized in its entirety
including examples and applications. The formalization was done with a routine effort albeit
some new notions were defined which simplified formulation of some theorems and proofs.

The definitive reference to the theory of relational databases is [16], where saturated sets
are called closed sets. Armstrong’s “axioms” for functional dependencies are still widely
taught at all levels of database design, see for instance [14].

MML Identifier: ARMSTRNG.

WWW: http://mizar.org/JFM/Vol14/armstrng.html

The articles [22], [9], [29], [12], [26], [30], [33], [31], [19], [8], [25], [3], [11], [6], [27], [23], [4],
[24], [15], [21], [2], [5], [32], [7], [10], [18], [17], [28], [20], and [13] provide the notation and
terminology for this paper.

1. PRELIMINARIES

The following proposition is true

(1) Let B be a set. SupposeB is ∩-closed. LetX be a set andSbe a finite family of subsets of
X. If X ∈ B andS⊆ B, then Intersect(S) ∈ B.

Let us observe that there exists a binary relation which is reflexive, antisymmetric, transitive,
and non empty.

Next we state the proposition

(2) Let R be an antisymmetric transitive non empty binary relation andX be a finite subset of
fieldR. If X 6= /0, then there exists an element ofX which is maximal w.r.t.X, R.

Let X be a set and letR be a binary relation. The functor MaximalsR(X) yields a subset ofX
and is defined by:

(Def. 1) For every setx holdsx∈MaximalsR(X) iff x is maximal w.r.t.X, R.

Let x, X be sets. We say thatx is∩-irreducible inX if and only if:

(Def. 2) x∈ X and for all setsz, y such thatz∈ X andy∈ X andx = z∩y holdsx = z or x = y.

We introducex is∩-reducible inX as an antonym ofx is∩-irreducible inX.
Let X be a non empty set. The functor∩-Irreducibles(X) yielding a subset ofX is defined by:

1This work has been supported by NSERC Grant OGP9207 and Shinshu Endowment Fund.
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(Def. 3) For every setx holdsx∈ ∩-Irreducibles(X) iff x is∩-irreducible inX.

The schemeFinIntersectdeals with a non empty finite setA and a unary predicateP , and states
that:

For every setx such thatx∈ A holdsP [x]
provided the following requirements are met:

• For every setx such thatx is∩-irreducible inA holdsP [x], and
• For all setsx, y such thatx∈ A andy∈ A andP [x] andP [y] holdsP [x∩y].

Next we state the proposition

(3) Let X be a non empty finite set andx be an element ofX. Then there exists a non empty
subsetA of X such thatx =

⋂
A and for every sets such thats∈ A holdss is ∩-irreducible in

X.

Let X be a set and letB be a family of subsets ofX. We say thatB is (B1) if and only if:

(Def. 4) X ∈ B.

Let B be a set. We introduceB is (B2) as a synonym ofB is∩-closed.
Let X be a set. Note that there exists a family of subsets ofX which is (B1) and (B2).
Next we state the proposition

(4) Let X be a set andB be a non empty family of subsets ofX. SupposeB is ∩-closed. Let
x be an element ofB. Supposex is ∩-irreducible inB andx 6= X. Let Sbe a finite family of
subsets ofX. If S⊆ B andx = Intersect(S), thenx∈ S.

Let X, D be non empty sets and letn be a natural number. Observe that every function fromX
into Dn is finite sequence yielding.

Let f be a finite sequence yielding function and letx be a set. One can check thatf (x) is finite
sequence-like.

Let n be a natural number and letp, q ben-tuples ofBoolean. The functorp∧q yields an-tuple
of Booleanand is defined as follows:

(Def. 5) For every seti such thati ∈ Segn holds(p∧q)(i) = pi ∧qi .

Let us observe that the functorp∧q is commutative.
We now state four propositions:

(5) For every natural numbernand for everyn-tuplepof Booleanholds(n-BinarySequence(0))∧
p = n-BinarySequence(0).

(6) For every natural numbernand for everyn-tuplepof Booleanholds¬(n-BinarySequence(0))∧
p = p.

(7) For every natural numberi holds(i +1) -BinarySequence(2i) = 〈0, . . . ,0︸ ︷︷ ︸
i

〉a 〈1〉.

(8) Let n, i be natural numbers. Supposei < n. Then (n-BinarySequence(2i))(i +
1) = 1 and for every natural numberj such that j ∈ Segn and j 6= i + 1 holds
(n-BinarySequence(2i))( j) = 0.

2. THE RELATIONAL MODEL OF DATA

We introduce DB-relationships which are systems
〈 attributes, domains, a relationship〉,

where the attributes constitute a finite non empty set, the domains constitute a non-empty many
sorted set indexed by the attributes, and the relationship is a subset of∏ the domains.
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3. DEPENDENCYSTRUCTURES

Let X be a set. A relation on subsets ofX is a binary relation on 2X. A dependency set ofX is a
binary relation on 2X.

Let X be a set. Observe that there exists a dependency set ofX which is non empty and finite.
Let X be a set. The functor dependencies(X) yields a dependency set ofX and is defined by:

(Def. 7)1 dependencies(X) = [:2X, 2X :].

Let X be a set. Note that dependencies(X) is non empty. A dependency ofX is an element of
dependencies(X).

Let X be a set and letF be a non empty dependency set ofX. We see that the element ofF is a
dependency ofX.

The following three propositions are true:

(9) For all setsX, x holdsx∈ dependencies(X) iff there exist subsetsa, b of X such thatx= 〈〈a,
b〉〉.

(10) For all setsX, x and for every dependency setF of X such thatx∈ F there exist subsetsa,
b of X such thatx = 〈〈a, b〉〉.

(11) For every setX and for every dependency setF of X holds every subset ofF is a depen-
dency set ofX.

Let R be a DB-relationship and letA, B be subsets of the attributes ofR. The predicateA→R B
is defined as follows:

(Def. 8) For all elementsf , g of the relationship ofRsuch thatf �A = g�A holds f �B = g�B.

We introduce(A,B) holds inRas a synonym ofA→R B.
Let R be a DB-relationship. The functor dependency-structure(R) yields a dependency set of

the attributes ofRand is defined by:

(Def. 9) dependency-structure(R) = {〈〈A, B〉〉;A ranges over subsets of the attributes ofR, B ranges
over subsets of the attributes ofR: A→R B}.

The following proposition is true

(12) For every DB-relationshipR and for all subsetsA, B of the attributes ofR holds〈〈A, B〉〉 ∈
dependency-structure(R) iff A→R B.

4. FULL FAMILIES OF DEPENDENCIES

Let X be a set and letP, Q be dependencies ofX. The predicateP≥Q is defined as follows:

(Def. 10) P1 ⊆Q1 andQ2 ⊆ P2.

Let us note that the predicateP≥Q is reflexive. We introduceQ≤P andP is at least as informative
asQ as synonyms ofP≥Q.

Next we state two propositions:

(13) For every setX and for all dependenciesP, Q of X such thatP≤Q andQ≤P holdsP= Q.

(14) For every setX and for all dependenciesP, Q, S of X such thatP≤ Q andQ≤ S holds
P≤ S.

Let X be a set and letA, B be subsets ofX. Then〈〈A, B〉〉 is a dependency ofX.
The following proposition is true

1 The definition (Def. 6) has been removed.
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(15) For every setX and for all subsetsA, B, A′, B′ of X holds〈〈A, B〉〉 ≥ 〈〈A′, B′〉〉 iff A⊆ A′ and
B′ ⊆ B.

Let X be a set. The functor Dependencies-OrderX yields a binary relation on dependencies(X)
and is defined by:

(Def. 11) Dependencies-OrderX = {〈〈P, Q〉〉;P ranges over dependencies ofX, Q ranges over depen-
dencies ofX: P≤Q}.

We now state four propositions:

(16) For all setsX, x holdsx ∈ Dependencies-OrderX iff there exist dependenciesP, Q of X
such thatx = 〈〈P, Q〉〉 andP≤Q.

(17) For every setX holds domDependencies-OrderX = [:2X, 2X :].

(18) For every setX holds rngDependencies-OrderX = [:2X, 2X :].

(19) For every setX holds fieldDependencies-OrderX = [:2X, 2X :].

Let X be a set. Note that Dependencies-OrderX is non empty and Dependencies-OrderX is
total, reflexive, antisymmetric, and transitive.

Let X be a set and letF be a dependency set ofX. We say thatF is (F1) if and only if:

(Def. 12) For every subsetA of X holds〈〈A, A〉〉 ∈ F.

We introduceF is (DC2) as a synonym ofF is (F1). We introduceF is (F2) andF is (DC1) as
synonyms ofF is transitive.

Next we state the proposition

(20) LetX be a set andF be a dependency set ofX. ThenF is (F2) if and only if for all subsets
A, B, C of X such that〈〈A, B〉〉 ∈ F and〈〈B, C〉〉 ∈ F holds〈〈A, C〉〉 ∈ F.

Let X be a set and letF be a dependency set ofX. We say thatF is (F3) if and only if:

(Def. 13) For all subsetsA, B, A′, B′ of X such that〈〈A, B〉〉 ∈ F and 〈〈A, B〉〉 ≥ 〈〈A′, B′〉〉 holds 〈〈A′,
B′〉〉 ∈ F.

We say thatF is (F4) if and only if:

(Def. 14) For all subsetsA, B, A′, B′ of X such that〈〈A, B〉〉 ∈ F and 〈〈A′, B′〉〉 ∈ F holds 〈〈A∪A′,
B∪B′〉〉 ∈ F.

Next we state the proposition

(21) For every setX holds dependencies(X) is (F1), (F2), (F3), and (F4).

Let X be a set. One can verify that there exists a dependency set ofX which is (F1), (F2), (F3),
(F4), and non empty.

Let X be a set and letF be a dependency set ofX. We say thatF is full family if and only if:

(Def. 15) F is (F1), (F2), (F3), and (F4).

Let X be a set. Observe that there exists a dependency set ofX which is full family.
Let X be a set. A Full family ofX is a full family dependency set ofX.
Next we state the proposition

(22) For every finite setX holds every dependency set ofX is finite.

Let X be a finite set. Note that there exists a Full family ofX which is finite and every depen-
dency set ofX is finite.

Let X be a set. Note that every dependency set ofX which is full family is also (F1), (F2), (F3),
and (F4) and every dependency set ofX which is (F1), (F2), (F3), and (F4) is also full family.

Let X be a set and letF be a dependency set ofX. We say thatF is (DC3) if and only if:
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(Def. 16) For all subsetsA, B of X such thatB⊆ A holds〈〈A, B〉〉 ∈ F.

Let X be a set. Observe that every dependency set ofX which is (F1) and (F3) is also (DC3) and
every dependency set ofX which is (DC3) and (F2) is also (F1) and (F3).

Let X be a set. One can verify that there exists a dependency set ofX which is (DC3), (F2),
(F4), and non empty.

The following propositions are true:

(23) For every setX and for every dependency setF of X such thatF is (DC3) and (F2) holds
F is (F1) and (F3).

(24) For every setX and for every dependency setF of X such thatF is (F1) and (F3) holdsF
is (DC3).

Let X be a set. One can verify that every dependency set ofX which is (F1) is also non empty.
Next we state two propositions:

(25) For every DB-relationshipRholds dependency-structure(R) is full family.

(26) LetX be a set andK be a subset ofX. Then{〈〈A, B〉〉;A ranges over subsets ofX, B ranges
over subsets ofX: K ⊆ A ∨ B⊆ A} is a Full family ofX.

5. MAXIMAL ELEMENTS OFFULL FAMILIES

Let X be a set and letF be a dependency set ofX. The functor Maximals(F) yields a dependency
set ofX and is defined as follows:

(Def. 17) Maximals(F) = MaximalsDependencies-OrderX(F).

We now state the proposition

(27) For every setX and for every dependency setF of X holds Maximals(F)⊆ F.

Let X be a set, letF be a dependency set ofX, and letx, y be sets. The predicatex↗F y is
defined by:

(Def. 18) 〈〈x, y〉〉 ∈Maximals(F).

The following propositions are true:

(28) LetX be a finite set,P be a dependency ofX, andF be a dependency set ofX. If P∈ F,
then there exist subsetsA, B of X such that〈〈A, B〉〉 ∈Maximals(F) and〈〈A, B〉〉 ≥ P.

(29) LetX be a set,F be a dependency set ofX, andA, B be subsets ofX. ThenA↗F B if and
only if the following conditions are satisfied:

(i) 〈〈A, B〉〉 ∈ F, and

(ii) it is not true that there exist subsetsA′, B′ of X such that〈〈A′, B′〉〉 ∈ F butA 6= A′ or B 6= B′

but 〈〈A, B〉〉 ≤ 〈〈A′, B′〉〉.

Let X be a set and letM be a dependency set ofX. We say thatM is (M1) if and only if:

(Def. 19) For every subsetA of X there exist subsetsA′, B′ of X such that〈〈A′, B′〉〉 ≥ 〈〈A, A〉〉 and〈〈A′,
B′〉〉 ∈M.

We say thatM is (M2) if and only if:

(Def. 20) For all subsetsA, B, A′, B′ of X such that〈〈A, B〉〉 ∈M and〈〈A′, B′〉〉 ∈M and〈〈A, B〉〉 ≥ 〈〈A′,
B′〉〉 holdsA = A′ andB = B′.

We say thatM is (M3) if and only if:



ARMSTRONG’ S AXIOMS 6

(Def. 21) For all subsetsA, B, A′, B′ of X such that〈〈A, B〉〉 ∈ M and〈〈A′, B′〉〉 ∈ M andA′ ⊆ B holds
B′ ⊆ B.

The following propositions are true:

(30) For every finite non empty setX and for every Full familyF of X holds Maximals(F) is
(M1), (M2), and (M3).

(31) LetX be a finite set andM, F be dependency sets ofX. Suppose that

(i) M is (M1), (M2), and (M3), and

(ii) F = {〈〈A, B〉〉;A ranges over subsets ofX, B ranges over subsets ofX:
∨

A′,B′ :subset ofX (〈〈A′,
B′〉〉 ≥ 〈〈A, B〉〉 ∧ 〈〈A′, B′〉〉 ∈M)}.
Then M = Maximals(F) and F is full family and for every Full familyG of X such that
M = Maximals(G) holdsG = F.

Let X be a non empty finite set and letF be a Full family ofX. Observe that Maximals(F) is
non empty.

The following proposition is true

(32) Let X be a finite set,F be a dependency set ofX, and K be a subset ofX. Suppose
F = {〈〈A, B〉〉;A ranges over subsets ofX, B ranges over subsets ofX: K ⊆ A ∨ B⊆ A}. Then
{〈〈K, X〉〉}∪{〈〈A, A〉〉;A ranges over subsets ofX: K 6⊆ A}= Maximals(F).

6. SATURATED SUBSETS OFATTRIBUTES

Let X be a set and letF be a dependency set ofX. The functor saturated-subsets(F) yielding a
family of subsets ofX is defined by:

(Def. 22) saturated-subsets(F) = {B;B ranges over subsets ofX:
∨

A:subset ofX A↗F B}.

We introduce closed-attribute-subset(F) as a synonym of saturated-subsets(F).
Let X be a set and letF be a finite dependency set ofX. One can verify that saturated-subsets(F)

is finite.
Next we state two propositions:

(33) LetX, x be sets andF be a dependency set ofX. Thenx∈ saturated-subsets(F) if and only
if there exist subsetsB, A of X such thatx = B andA↗F B.

(34) For every finite non empty setX and for every Full family F of X holds
saturated-subsets(F) is (B1) and (B2).

Let X be a set and letB be a set. The functor(B)-enclosed inX yielding a dependency set ofX
is defined as follows:

(Def. 23) (B)-enclosed inX = {〈〈a, b〉〉;a ranges over subsets ofX, b ranges over subsets ofX:∧
c:set (c∈ B ∧ a⊆ c ⇒ b⊆ c)}.

Next we state three propositions:

(35) For every setX and for every familyB of subsets ofX and for every dependency setF of
X holds(B)-enclosed inX is full family.

(36) For every finite non empty setX and for every familyB of subsets ofX holds B ⊆
saturated-subsets((B)-enclosed inX).

(37) LetX be a finite non empty set andB be a family of subsets ofX. SupposeB is (B1) and
(B2). ThenB = saturated-subsets((B)-enclosed inX) and for every Full familyG of X such
thatB = saturated-subsets(G) holdsG = (B)-enclosed inX.
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Let X be a set and letF be a dependency set ofX. The functor(F)-enclosure yields a family of
subsets ofX and is defined by:

(Def. 24) (F)-enclosure= {b;b ranges over subsets ofX:
∧

A,B:subset ofX (〈〈A, B〉〉 ∈ F ∧ A⊆ b ⇒
B⊆ b)}.

One can prove the following two propositions:

(38) For every finite non empty setX and for every dependency setF of X holds(F)-enclosure
is (B1) and (B2).

(39) Let X be a finite non empty set andF be a dependency set ofX. Then F ⊆
((F)-enclosure)-enclosed inX and for every dependency setG of X such thatF ⊆ G and
G is full family holds((F)-enclosure)-enclosed inX ⊆G.

LetX be a finite non empty set and letF be a dependency set ofX. The functor dependency-closure(F)
yielding a Full family ofX is defined as follows:

(Def. 25) F ⊆ dependency-closure(F) and for every dependency setG of X such thatF ⊆ G andG
is full family holds dependency-closure(F)⊆G.

The following propositions are true:

(40) For every finite non empty setX and for every dependency setF of X holds
dependency-closure(F) = ((F)-enclosure)-enclosed inX.

(41) LetX be a set,K be a subset ofX, andB be a family of subsets ofX. If B = {X}∪{A;A
ranges over subsets ofX: K 6⊆ A}, thenB is (B1) and (B2).

(42) Let X be a finite non empty set,F be a dependency set ofX, andK be a subset ofX.
SupposeF = {〈〈A, B〉〉;A ranges over subsets ofX, B ranges over subsets ofX: K ⊆ A ∨ B⊆
A}. Then{X}∪{B;B ranges over subsets ofX: K 6⊆ B}= saturated-subsets(F).

(43) Let X be a finite set,F be a dependency set ofX, and K be a subset ofX. Suppose
F = {〈〈A, B〉〉;A ranges over subsets ofX, B ranges over subsets ofX: K ⊆ A ∨ B⊆ A}. Then
{X}∪{B;B ranges over subsets ofX: K 6⊆ B}= saturated-subsets(F).

Let X, G be sets and letB be a family of subsets ofX. We say thatG is generator set ofB if and
only if:

(Def. 26) G⊆ B andB = {Intersect(S);Sranges over families of subsets ofX: S⊆G}.

One can prove the following four propositions:

(44) For every finite non empty setX holds every familyG of subsets ofX is generator set of
saturated-subsets((G)-enclosed inX).

(45) LetX be a finite non empty set andF be a Full family ofX. Then there exists a familyG of
subsets ofX such thatG is generator set of saturated-subsets(F) andF = (G)-enclosed inX.

(46) LetX be a set andB be a non empty finite family of subsets ofX. If B is (B1) and (B2),
then∩-Irreducibles(B) is generator set ofB.

(47) LetX, G be sets andB be a non empty finite family of subsets ofX. If B is (B1) and (B2)
andG is generator set ofB, then∩-Irreducibles(B)⊆G∪{X}.

7. JUSTIFICATION OF THEAXIOMS

We now state the proposition

(48) Let X be a non empty finite set andF be a Full family ofX. Then there exists a DB-
relationshipR such that the attributes ofR = X and for every elementa of X holds (the
domains ofR)(a) = Z andF = dependency-structure(R).
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8. STRUCTURE OF THEFAMILY OF CANDIDATE KEYS

Let X be a set and letF be a dependency set ofX. The functor candidate-keys(F) yields a family
of subsets ofX and is defined by:

(Def. 27) candidate-keys(F) = {A;A ranges over subsets ofX: 〈〈A, X〉〉 ∈Maximals(F)}.

We now state the proposition

(49) Let X be a finite set,F be a dependency set ofX, and K be a subset ofX. Suppose
F = {〈〈A, B〉〉;A ranges over subsets ofX, B ranges over subsets ofX: K ⊆ A ∨ B⊆ A}. Then
candidate-keys(F) = {K}.

Let X be a set. We introduceX is (C1) as an antonym ofX is empty.
Let X be a set. We say thatX is without proper subsets if and only if:

(Def. 28) For all setsx, y such thatx∈ X andy∈ X andx⊆ y holdsx = y.

We introduceX is (C2) as a synonym ofX is without proper subsets.
One can prove the following four propositions:

(50) For every DB-relationshipR holds candidate-keys(dependency-structure(R)) is (C1) and
(C2).

(51) LetX be a finite set andC be a family of subsets ofX. If C is (C1) and (C2), then there
exists a Full familyF of X such thatC = candidate-keys(F).

(52) Let X be a finite set,C be a family of subsets ofX, andB be a set. SupposeC is (C1)
and (C2) andB = {b;b ranges over subsets ofX:

∧
K :subset ofX (K ∈C ⇒ K 6⊆ b)}. Then

C = candidate-keys((B)-enclosed inX).

(53) Let X be a non empty finite set andC be a family of subsets ofX. SupposeC is (C1)
and (C2). Then there exists a DB-relationshipR such that the attributes ofR= X andC =
candidate-keys(dependency-structure(R)).

9. APPLICATIONS

Let X be a set and letF be a dependency set ofX. We say thatF is (DC4) if and only if:

(Def. 29) For all subsetsA, B, C of X such that〈〈A, B〉〉 ∈ F and〈〈A, C〉〉 ∈ F holds〈〈A, B∪C〉〉 ∈ F.

We say thatF is (DC5) if and only if:

(Def. 30) For all subsetsA, B, C, D of X such that〈〈A, B〉〉 ∈ F and 〈〈B∪C, D〉〉 ∈ F holds 〈〈A∪C,
D〉〉 ∈ F.

We say thatF is (DC6) if and only if:

(Def. 31) For all subsetsA, B, C of X such that〈〈A, B〉〉 ∈ F holds〈〈A∪C, B〉〉 ∈ F.

One can prove the following three propositions:

(54) LetX be a set andF be a dependency set ofX. ThenF is (F1), (F2), (F3), and (F4) if and
only if F is (F2), (DC3), and (F4).

(55) LetX be a set andF be a dependency set ofX. ThenF is (F1), (F2), (F3), and (F4) if and
only if F is (DC1), (DC3), and (DC4).

(56) LetX be a set andF be a dependency set ofX. ThenF is (F1), (F2), (F3), and (F4) if and
only if F is (DC2), (DC5), and (DC6).

Let X be a set and letF be a dependency set ofX. The functor characteristic(F) is defined by:
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(Def. 32) characteristic(F) = {A;A ranges over subsets ofX:
∨

a,b:subset ofX (〈〈a, b〉〉 ∈ F ∧ a⊆ A ∧
b 6⊆ A)}.

One can prove the following propositions:

(57) LetX, A be sets andF be a dependency set ofX. SupposeA∈ characteristic(F). ThenA is
a subset ofX and there exist subsetsa, b of X such that〈〈a, b〉〉 ∈ F anda⊆ A andb 6⊆ A.

(58) LetX be a set,A be a subset ofX, andF be a dependency set ofX. If there exist subsetsa,
b of X such that〈〈a, b〉〉 ∈ F anda⊆ A andb 6⊆ A, thenA∈ characteristic(F).

(59) LetX be a finite non empty set andF be a dependency set ofX. Then

(i) for all subsetsA, B of X holds〈〈A, B〉〉 ∈ dependency-closure(F) iff for every subseta of X
such thatA⊆ a andB 6⊆ a holdsa∈ characteristic(F), and

(ii) saturated-subsets(dependency-closure(F)) = 2X \characteristic(F).

(60) For every finite non empty setX and for all dependency setsF , G of
X such that characteristic(F) = characteristic(G) holds dependency-closure(F) =
dependency-closure(G).

(61) For every non empty finite setX and for every dependency setF of X holds
characteristic(F) = characteristic(dependency-closure(F)).

Let A be a set, letK be a set, and letF be a dependency set ofA. We say thatK is prime
implicant ofF with no complemented variables if and only if the conditions (Def. 33) are satisfied.

(Def. 33)(i) For every subseta of A such thatK ⊆ a anda 6= A holdsa∈ characteristic(F), and

(ii) for every setk such thatk⊂ K there exists a subseta of A such thatk⊆ a anda 6= A and
a /∈ characteristic(F).

The following proposition is true

(62) LetX be a finite non empty set,F be a dependency set ofX, andK be a subset ofX. Then
K ∈ candidate-keys(dependency-closure(F)) if and only if K is prime implicant ofF with no
complemented variables.
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