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The articles [14], [10], [16], [15], [17], [8], [3], [4], [5], [13], [2], [9], [12], [1], [6], [11], and [7]
provide the notation and terminology for this paper.

We follow the rules:k, n denote natural numbers,x, y, z, y1, y2, X denote sets, andf denotes a
function.

One can prove the following propositions:

(1) n∈ n+1.

(2) If k≤ n, thenk = k∩n.

(3) If k = k∩n, thenk≤ n.

(4) n∪{n}= n+1.

(5) Segn⊆ n+1.

(6) n+1 = {0}∪Segn.

(7) For every functionr holdsr is finite and transfinite sequence-like iff there existsn such that
domr = n.

Let us observe that there exists a function which is finite and transfinite sequence-like.
A finite 0-sequence is a finite transfinite sequence.
In the sequelp, q, r denote finite 0-sequences.
Observe that every set which is natural is also finite. Let us considerp. One can check that

domp is natural.
Let us considerp. Then p is a natural number and it can be characterized by the condition:

(Def. 1) p = domp.

We introduce lenp as a synonym ofp.
Let us considerp. Then domp is a subset ofN.
We now state the proposition

(8) If there existsk such that domf ⊆ k, then there existsp such thatf ⊆ p.

In this article we present several logical schemes. The schemeXSeqExdeals with a natural
numberA and a binary predicateP , and states that:

There existsp such that domp = A and for everyk such thatk∈ A holdsP [k, p(k)]
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provided the following requirements are met:
• For allk, y1, y2 such thatk∈ A andP [k,y1] andP [k,y2] holdsy1 = y2, and
• For everyk such thatk∈ A there existsx such thatP [k,x].

The schemeXSeqLambdadeals with a natural numberA and a unary functorF yielding a set,
and states that:

There exists a finite 0-sequencep such that lenp= A and for everyk such thatk∈A
holdsp(k) = F (k)

for all values of the parameters.
Next we state several propositions:

(9) If z∈ p, then there existsk such thatk∈ domp andz= 〈〈k, p(k)〉〉.

(10) If domp = domq and for everyk such thatk∈ domp holdsp(k) = q(k), thenp = q.

(11) If lenp = lenq and for everyk such thatk < lenp holdsp(k) = q(k), thenp = q.

(12) p�n is a finite 0-sequence.

(13) If rngp⊆ dom f , then f · p is a finite 0-sequence.

(14) If k < lenp andq = p�k, then lenq = k and domq = k.

Let D be a set. Observe that there exists a transfinite sequence of elements ofD which is finite.
Let D be a set. A finite 0-sequence ofD is a finite transfinite sequence of elements ofD.
The following proposition is true

(15) For every setD holds every finite 0-sequence ofD is a partial function fromN to D.

One can check that/0 is transfinite sequence-like.
Let D be a set. One can verify that there exists a partial function fromN to D which is finite and

transfinite sequence-like.
In the sequelD is a set.
One can prove the following propositions:

(16) For every finite 0-sequencep of D holdsp�k is a finite 0-sequence ofD.

(17) For every non empty setD there exists a finite 0-sequencep of D such that lenp = k.

Let us note that there exists a finite 0-sequence which is empty.
Next we state two propositions:

(18) lenp = 0 iff p = /0.

(19) For every setD holds /0 is a finite 0-sequence ofD.

Let D be a set. Note that there exists a finite 0-sequence ofD which is empty.
Let us considerx. The functor〈0x〉 yields a set and is defined by:

(Def. 2) 〈0x〉= {〈〈0, x〉〉}.

Let D be a set. The functor〈〉D yields an empty finite 0-sequence ofD and is defined as follows:

(Def. 3) 〈〉D = /0.

Let us considerp, q. Note thatpa q is finite. Thenpa q can be characterized by the condition:

(Def. 4) dom(pa q) = lenp+ lenq and for everyk such thatk∈ domp holds(pa q)(k) = p(k) and
for everyk such thatk∈ domq holds(pa q)(lenp+k) = q(k).

Next we state a number of propositions:

(20) len(pa q) = lenp+ lenq.
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(21) If lenp≤ k andk < lenp+ lenq, then(pa q)(k) = q(k− lenp).

(22) If lenp≤ k andk < len(pa q), then(pa q)(k) = q(k− lenp).

(23) If k∈ dom(pa q), thenk∈ domp or there existsn such thatn∈ domq andk = lenp+n.

(24) For all transfinite sequencesp, q holds domp⊆ dom(pa q).

(25) If x∈ domq, then there existsk such thatk = x and lenp+k∈ dom(pa q).

(26) If k∈ domq, then lenp+k∈ dom(pa q).

(27) rngp⊆ rng(pa q).

(28) rngq⊆ rng(pa q).

(29) rng(pa q) = rngp∪ rngq.

(30) (pa q)a r = pa (qa r).

(31) If pa r = qa r or r a p = r a q, thenp = q.

(32) pa /0 = p and /0 a p = p.

(33) If pa q = /0, thenp = /0 andq = /0.

Let D be a set and letp, q be finite 0-sequences ofD. Thenpa q is a transfinite sequence of
elements ofD.

Let us considerx. Then〈0x〉 is a function and it can be characterized by the condition:

(Def. 5) dom〈0x〉= 1 and〈0x〉(0) = x.

Let us considerx. Note that〈0x〉 is function-like and relation-like.
Let us considerx. Observe that〈0x〉 is finite and transfinite sequence-like.
We now state the proposition

(34) Supposepa q is a finite 0-sequence ofD. Then p is a finite 0-sequence ofD andq is a
finite 0-sequence ofD.

Let us considerx, y. The functor〈0x,y〉 yielding a set is defined by:

(Def. 6) 〈0x,y〉= 〈0x〉a 〈0y〉.

Let us considerz. The functor〈0x,y,z〉 yielding a set is defined as follows:

(Def. 7) 〈0x,y,z〉= 〈0x〉a 〈0y〉a 〈0z〉.

Let us considerx, y. One can verify that〈0x,y〉 is function-like and relation-like. Let us consider
z. Observe that〈0x,y,z〉 is function-like and relation-like.

Let us considerx, y. Note that〈0x,y〉 is finite and transfinite sequence-like. Let us considerz.
Observe that〈0x,y,z〉 is finite and transfinite sequence-like.

One can prove the following propositions:

(35) 〈0x〉= {〈〈0, x〉〉}.

(36) p = 〈0x〉 iff dom p = 1 and rngp = {x}.

(37) p = 〈0x〉 iff len p = 1 and rngp = {x}.

(38) p = 〈0x〉 iff len p = 1 andp(0) = x.

(39) (〈0x〉a p)(0) = x.

(40) (pa 〈0x〉)(lenp) = x.
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(41) 〈0x,y,z〉= 〈0x〉a 〈0y,z〉 and〈0x,y,z〉= 〈0x,y〉a 〈0z〉.

(42) p = 〈0x,y〉 iff len p = 2 andp(0) = x andp(1) = y.

(43) p = 〈0x,y,z〉 iff len p = 3 andp(0) = x andp(1) = y andp(2) = z.

(44) If p 6= /0, then there existq, x such thatp = qa 〈0x〉.

Let D be a non empty set and letx be an element ofD. Then〈0x〉 is a finite 0-sequence ofD.
The schemeIndXSeqconcerns a unary predicateP , and states that:

For everyp holdsP [p]
provided the parameters meet the following requirements:

• P [ /0], and
• For all p, x such thatP [p] holdsP [pa 〈0x〉].

We now state the proposition

(45) For all finite 0-sequencesp, q, r, s such thatpa q = r a s and lenp≤ lenr there exists a
finite 0-sequencet such thatpa t = r.

Let D be a set. The functorDω yields a set and is defined as follows:

(Def. 8) x∈ Dω iff x is a finite 0-sequence ofD.

Let D be a set. Note thatDω is non empty.
The following propositions are true:

(46) x∈ Dω iff x is a finite 0-sequence ofD.

(47) /0 ∈ Dω.

The schemeSepXSeqdeals with a non empty setA and a unary predicateP , and states that:
There existsX such that for everyx holdsx∈ X iff there existsp such thatp∈ Aω

andP [p] andx = p
for all values of the parameters.

Let p be a finite 0-sequence and leti, x be sets. One can check thatp+· (i,x) is finite and
transfinite sequence-like. We introduce Replace(p, i,x) as a synonym ofp+· (i,x).

The following proposition is true

(48) Let p be a finite 0-sequence,i be a natural number, andx be a set. Then
lenReplace(p, i,x) = lenp and if i < lenp, then(Replace(p, i,x))(i) = x and for every nat-
ural numberj such thatj 6= i holds(Replace(p, i,x))( j) = p( j).

Let D be a non empty set, letp be a finite 0-sequence ofD, let i be a natural number, and leta
be an element ofD. Then Replace(p, i,a) is a finite 0-sequence ofD.
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